Abstract. For any conjugacy class C in G D PSL 2 .q/ we compute C 2 and discuss whether or not C contains a triple of elements whose product is 1 which generate G. Moreover, we determine which elements in G can be written as a product of two conjugate elements that generate G.
Introduction
There is a great interest in expansion properties of conjugacy classes in finite simple (non-abelian) groups. Thompson conjectured that every finite simple group G has a conjugacy class C such that C 2 D G. This conjecture was verified for many families of finite simple groups, including the alternating groups and the sporadic groups, and Ellers and Gordeev [4] proved this conjecture for all finite simple groups of Lie type defined over fields with more than 8 elements, but nevertheless it is still very much open today. On the other hand, the expansion of small enough conjugacy classes C in sufficiently large finite simple groups, has been investigated by Schul [13] . Moreover, Guralnick and Malle [8] showed that every finite simple group G has a conjugacy class C that contains a triple of elements which have product 1 and generate G.
In this paper we consider all the conjugacy classes in the group G D PSL 2 .q/, and extend previous results of Guralnick and Malle [8, Lemma 3.14, Lemma 3.15 and Theorem 7.1].
Theorem 1. Let G D PSL 2 .q/ where q > 3 and let C be a non-trivial G-conjugacy class. Then C contains elements x; y such that hx; yi D G, with only the following exceptions:
C is a conjugacy class of an element of order 2, q D 9 and C is a conjugacy class of a unipotent element (of order 3).
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In addition, C contains three elements x; y; z such that xyz D 1 and hx; yi D G if and only if one of the following holds:
C is a conjugacy class of a semisimple element of a q-minimal order greater than 3, q > 3 is prime and C is a conjugacy class of a unipotent element. Definition 1. Let q D p e be a prime power and let n > 1 be an integer. Then n is called a q-minimal order if e D min ® f > 0 W p f Á˙1 mod .gcd.2; n/ n/¯:
(Namely, PSL 2 .p e / contains an element of order n, but no PSL 2 .p f / with f < e contains such an element.)
Note that similar results appear in [9] [10] [11] regarding generation properties of PSL 2 .q/ by a triple of elements .x; y; z/ with product 1 and prescribed orders (see also [5, 12] ).
Theorem 2. Let G D PSL 2 .q/ where q > 2 is even. Let C be the G-conjugacy class of an element x.
(i) If x is a semisimple element whose order divides q 1, then C 2 D G.
(ii) If x is a semisimple element whose order divides q C 1, then C 2 D G n ¹unipotentsº:
(iii) If x is a unipotent element, then C 2 D G.
In addition, only a semisimple element in G can be written as a product of two G-conjugate (semisimple) elements that generate G.
Theorem 3. Let G D PSL 2 .q/ where q > 3 is odd. Let C be the G-conjugacy class of an element x.
(i) If x is a semisimple element whose order is greater than 2, then C 2 D G.
(ii) If x is an element of order 2, then
¹unipotentsº[¹semisimples of q-good ordersº; q Á 3 mod 4:
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In addition, any non-trivial element in G can be written as a product of two G-conjugate semisimple elements that generate G. And moreover, a semisimple element can be written as a product of two G-conjugate unipotents that generate G if and only if its order is q-minimal and q-good, where q ¤ 9.
Definition 2. Let q D p e be a prime power and let n > 1 be an integer. Then n is called a q-good order if one of the following holds:
n is odd and divides either q 1 or q C 1, n is even and 4n divides either q 1 or q C 1.
Let C be the G-conjugacy class of an element x.
(i) If q is even, then jCj jGj 2=3 ! 1 and jC 2 j jGj ! 1 as q ! 1:
(ii) If q is odd and x is a semisimple element whose order is greater than 2, then jCj jGj 2=3 ! 3 p 4 and jC 2 j jGj ! 1 as q ! 1: One can classify the elements of PSL 2 .q/ according to the Jordan form of their pre-image in SL 2 .q/. The following Table 2 lists the three types of elements, according to whether the characteristic polynomial P . / WD 2 ˛ C 1 of the matrix A 2 SL 2 .q/ (where˛D tr.A/) has 0, 1 or 2 distinct roots in F q .
We denote dihedral groups correspond to the finite triangle groups, that is, triangle groups T r;s;t such that 1=r C 1=s C 1=t > 1, we will call them small subgroups. For convenience we will refer to the other subgroups, namely subgroups of the Borel and cyclic subgroups, as structural subgroups.
Subgroups
Macbeath [11] classified the pairs of elements in PSL 2 .q/ in a way which makes it easy to determine what kind of subgroup they generate. is singular if and only if the group generated by the images of A and B is a structural subgroup of PSL 2 .q/.
Orders and traces
For an integer n > 1 we denote
where N A denotes the image of the matrix A in PSL 2 .q/. It is easy to see from Table 2 that for any prime power q, Moreover, when q is odd, then˛2 T q .n/ if and only if ˛2 T q .n/. In fact, for any prime power q and integer n > 1, T q .n/ can be effectively computed as follows.
Proposition 8.
Denote by P q .n/ the set of primitive roots of unity of order n in F q .
Let q D 2 e for some positive integer e and let n > 1 be an integer. Then
Let q D p e for some odd prime p and some positive integer e and let n > 1 be an integer. Then
Proof. We prove the case where q is odd and n divides .q 1/=2. The other cases are similar. Assume first that n is even. Let a be a primitive root of unity of order 2n. Then a is also a primitive root of unity of order 2n, and . a/ n D a n D 1.
Thus the matrices
both reduce to the same element N A 2 G of order n. Hence, aCa 1 and .aCa 1 / both belong to T q .n/. The set T q .n/ contains only the elements of the claimed form, since it suffices to consider only the conjugacy classes of elements of G, described in Table 2 . Now assume that n is odd. Then a is a primitive root of unity of order n if and only if a is a primitive root of unity of order 2n. In this case,
both reduce to the same element N A 2 G of order n. Hence, aCa 1 and .aCa 1 / both belong to the set T q .n/. Again, considering the conjugacy classes appearing in Table 2 shows that T q .n/ contains only the elements of the claimed form.
Proposition 9.
Assume that q D p e is odd. Let C 2 SL 2 .q/, and denote D tr.C / and t D j N C j. Assume that ¤˙2 (or equivalently, t ¤ p). Then t is a q-good order if and only if one of 2 C , 2 is a square in F q .
Proof. As t ¤ p, it follows that t divides either .q 1/=2 or .q C 1/=2. If t divides .q 1/=2, then D a Ca 1 or D .a Ca 1 /, for some primitive root of unity a of order 2t in F q (see Proposition 8) . Hence,
is a square in F q if and only if a D c 2 or a D c 2 for some c 2 F q . Indeed, a C 2 C a 1 is a square if and only if .a C 1/ 2 =a is a square if and only if a is a square in F q , and similarly for . a/ C 2 C . a/ 1 . Now, one the following necessarily holds: If t is even, then a is also a primitive root of unity of order 2t . Hence, a is a square in F q if and only if a is a square is F q . In addition, a is a square in F q if and only if F q contains a primitive root of unity of order 4t, namely, if and only if 4t divides q 1.
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If t is odd and q Á 1 mod 4, then 4t divides q 1, and so F q contains a primitive root of unity of order 4t. Thus a, which is a primitive root of unity of order 2t, is a square in F q , as required.
If t is odd and q Á 3 mod 4, then F q contains a primitive root of unity of order 2t but does not contain a primitive root of unity of order 4t , and so, a is a non-square in F q . However, a is a primitive root of unity of order t , and so, it is necessarily a square in F q , as required.
In conclusion, a D c 2 or a D c 2 for some c 2 F q if and only if either t is odd and divides q 1 or t is even and 4t divides q 1.
for some primitive root of unity a of order 2t in F q 2 (see Proposition 8). Hence,
Therefore, 2 C or 2 is a square in F q if and only if a D c 2 or a D c 2 for some c 2 F q 2 satisfying c qC1 D 1. Now, one the following necessarily holds: If t is even, then a is also a primitive root of unity of order 2t. Hence, a D c 2 for some c 2 F q 2 satisfying c qC1 D 1 if and only if a D b 2 for some b 2 F q 2 satisfying b qC1 D 1. This is equivalent to the condition that 4t divides q C 1.
If t is odd and q Á 3 mod 4, then F q 2 contains a primitive root of unity b of order 4t satisfying b qC1 D 1. Hence, a D c 2 for some c 2 F q 2 satisfying c qC1 D 1, as required.
If t is odd and q Á 1 mod 4, then F q 2 does not contain a primitive root of unity c of order 4t satisfying c qC1 D 1. However, in this case, a D b 2 for some b 2 F q 2 satisfying b qC1 D 1, as required.
In conclusion, a D c 2 or a D c 2 for some c 2 F q 2 satisfying c qC1 D 1 if and only if either t is odd and divides q C 1 or t is even and 4t divides q C 1.
Number of elements
Definition 4. Let q be a prime power and let˛2 F q . If˛D˙2, we say that˛is a unipotent trace. If˛is a trace of a semisimple split (respectively, non-split) matrix in SL 2 .q/ we say that˛is split (respectively, non-split).
Assume that q is odd and˛¤˙2. If at least one of 2 C˛, 2 ˛is a square in F q , we say that˛is a good trace. If neither 2 C˛nor 2 ˛is a square in F q we say that˛is a bad trace.
Lemma 10. The following statements hold.
(1) If q is even, then F q contains one unipotent, .q 2/=2 split and q=2 non-split traces.
(2) If q is odd, then F q contains two unipotent, .q 3/=2 split and .q 1/=2 non-split traces.
(3) If q Á 1 mod 4, then F q contains .q 1/=4 bad traces.
Proof. Statements (1) and (2) q.q C 1/.q 3/=4 semisimple split elements, q.q 1/ 2 =4 semisimple non-split elements, q.q 2 1/=8 D jGj=4 semisimple elements whose order is not q-good.
Unipotent elements when q is odd
Consider the following matrices in G 0 D SL 2 .q/ (where q is odd):
where x 2 F q 2 n F q satisfies that x 2 2 F q and Table 2 ).
If q Á 1 mod 4, then N U 1 and N U 1 are G-conjugate.
If q Á 3 mod 4, then N U 1 and N U 0 1 are G-conjugate. Proof of Corollary 4. The proof follows from Theorem 2, Theorem 3, Table 2 and Section 2.4. 3.1 Generation properties of C Proposition 15. Let G D PSL 2 .q/ when q > 3 and let C be a conjugacy class of a semisimple element s of order greater than 2. Then C contains two elements x; y that generate G. Proof. Let s 2 G be a semisimple element and let C be the conjugacy class of s. Let S 2 G 0 D SL 2 .q/ be the pre-image of s. Denote the order of s by n and D tr.S/, thus˛… ¹0;˙2º. Recall that d D gcd.2; q 1/. If q ¤ 5; 7, take some 2 T q ..q C 1/=d /. If .˛;˛; / is singular, then we have that .2 /.˛2 2/ D 0 and so D˛2 2. Thus, we may replace by (or by another 2 T q ..q C 1/=d /) to obtain a non-singular triple .˛;˛; /. When q D 9, one can moreover make sure that .˛;˛; / does not correspond to a triple of matrices .A; B; C / with ABC D I satisfying h N A; N Bi Š A 5 (see [10] ). When q D 5 or 7, take D 2, and then the triple .˛;˛; 2/ is also not singular.
Proof of the main results
By Theorem 6, there exists a triple of matrices .A; B; C / such that ABC D I , tr.A/ D tr.B/ D˛and tr.C / D . Moreover, by Theorem 7, h N A; N Bi is not a structural subgroup of G. By considering the possible subgroups of G detailed in Table 3 we see that the only non-structural subgroup containing N C is G itself, and hence h N A; N Bi D G.
If q is odd, then any non-trivial element in G can be written as a product of two G-conjugate semisimple elements that generate G.
If q is even, then only a semisimple element in G can be written as a product of two G-conjugate (semisimple) elements that generate G.
Proof. Assume that q is even. Let Z 2 G and denote D tr.Z/. Assume that Z D XY where X is G-conjugate to Y , and let˛D tr.X / D tr.Y /. If Z is unipotent, then D 0. Since .˛;˛; 0/ is singular, it follows from Theorem 7 that the subgroup hX; Y i is a structural subgroup of G, and so X and Y cannot generate G. If Z is semisimple, then ¤ 0, and we can choose some˛2 T q .q C 1/ such that ¤˛2 and then .˛;˛; / is not singular. Assume that q is odd. Let 1 ¤ z 2 G and let Z 2 G 0 D SL 2 .q/ be the pre-image of z. Denote D tr.Z/. If q ¤ 5; 7, take some˛2 T q ..q C 1/=2/. If .˛;˛; / is singular, then .2 /.˛2 2/ D 0 and so D 2 or D˛2 2. Thus, we may replace by to obtain a non-singular triple .˛;˛; /. When q D 9, one can moreover make sure that .˛;˛; / does not correspond to a triple of matrices .A; B; C / with ABC D I satisfying h N A; N Bi Š A 5 (see [10] ). When q D 5 or 7, take˛D 2 (and make sure that ¤ 2) and then the triple . 2; 2; / is also not singular.
By Theorem 6, there exists a triple of matrices .A; B; C / such that ABC D I , tr.A/ D tr.B/ D˛and tr.C / D . Moreover, by Theorem 7, h N A; N Bi is not a structural subgroup of G. By considering the possible subgroups of G detailed in Table 3 we see that the only non-structural subgroup containing N A is G itself, and hence h N A; N Bi D G.
Proposition 17. Let G D PSL 2 .q/ when q > 3 and let C be a conjugacy class of a semisimple element s. Then C contains three elements x; y; z such that xyz D 1 and hx; yi D G if and only if the order of s is q-minimal and greater than 3.
Proof. Let s 2 G be a semisimple element and let C be the conjugacy class of s. Let S 2 G 0 D SL 2 .q/ be the pre-image of s. Denote the order of s by n and D tr.S/. If x; y; z are three elements of order 2 (respectively, 3) such that xyz D 1, then any finite group generated by x and y is necessarily abelian (respectively, solvable) and so x and y cannot generate G (see Remark 19).
If n is not q-minimal, then˛belongs to some proper subfield F q 1 of F q . In this case, for any three elements x; y; z 2 C satisfying xyz D 1, the subgroup hx; yi is necessarily contained in a proper subgroup of G isomorphic to PSL 2 .q 1 / (see [11] and [9] ).
If n > 3 is q-minimal, then˛… ¹0;˙1;˙2º and hence .˛ 2/ 2 .˛C 1/ ¤ 0 implying that the triple .˛;˛;˛/ is non-singular. If q > 5 and n D 5, one can moreover make sure that the triple .˛;˛;˛/ does not correspond to a triple of matrices .A; B; C / with ABC D I satisfying h N A; N Bi Š A 5 (see [10] ). Therefore, by Theorems 6 and 7, there exists a triple of matrices .A; B; C / such that ABC D I , tr.A/ D tr.B/ D tr.C / D˛and h N A; N Bi is a structural subgroup of G. By the q-minimality of n, s does not belong to any subgroup isomorphic to PSL 2 .q 1 / for some proper subfield F q 1 F q . In addition, if hx; yi D PGL 2 .q 1 / and xyz D 1, then exactly two of x; y; z belong to PGL 2 .q 1 / n PSL 2 .q 1 / and the third one belongs to PSL 2 .q 1 /, so x; y; z cannot all have the same order n. Proof. If A; B; C 2 G are three elements of prime order p such that ABC D 1, then hA; Bi is contained in a subgroup isomorphic to PSL 2 .p/, implying that necessarily q D p > 3 is prime (see [11] and [9] ). Choose some a 2 F p n ¹0;˙2º and consider the following matrices in SL 2 .p/:
As tr.U 1 / D 2 and . 2; 2; 2/ is a non-singular triple, it follows from Theorem 7 that the subgroup generated by the images of A and B is not a structural subgroup of G. By considering the possible subgroups of G detailed in Table 3 we conclude that h N A; N Bi D G, as needed.
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Remark 19. Recall that any finite group generated by two non-commuting involutions is dihedral. In addition, the group presented by hx; y j x 3 D y 3 D .xy/ 3 i is an infinite solvable group (see e.g.
[1]).
Basic properties of C 2
Lemma 20. Let A; B 2 G 0 D SL 2 .q/ be two non-central matrices such that tr.A/ is equal to tr.B/ or tr.B/. Let C be some conjugacy class in Table 2 ), and so N B D .hzh 1 /.hgzg 1 h 1 / 2 C 2 . Assume that q is odd, z is semisimple and N A is unipotent. Let Z 2 G 0 be the pre-image of z. Then by Corollary 14 
A N X 1 h 1 for some h 2 G and a matrix X 2 SL 2 .q 2 / as in Section 2.5. Moreover, by Proposition 13, XZX 1 2 G 0 , and since tr.XZX 1 / D tr.Z/, we have N Xz N X 1 2 C (see Table 2 ). Similarly,
If q is odd and z is unipotent, then the following Proposition 21 shows that C 2 contains all the unipotent elements in G, as needed.
Proposition 21. Let G D PSL 2 .q/ when q is odd and let C be the G-conjugacy class of a unipotent element x. Then C 2 contains all the unipotent elements in G.
Moreover, 1 2 C 2 if and only if q Á 1 mod 4.
Proof. For q D 5 this claim can be easily verified. When q > 5, there exist two elements a; b 2 F q such that a; b and a C 1 are squares in F q but b C 1 is a nonsquare in F q . Let U 1 be as in Section 2.5, let Proposition 22. Let G D PSL 2 .q/ and let C be the G-conjugacy class of a semisimple element x. Then C 2 contains all the semisimple elements in G. Moreover, 1 2 C 2 .
Proof. Let z 2 G be some semisimple element. Let X; Z 2 SL 2 .q/ be the preimages of x; z respectively. Denote˛D tr.X /, D tr.Z/. By Theorem 6, there exist matrices X 0 ; Y 0 ; Z 0 2 SL 2 .q/ such that tr.X 0 / D tr.Y 0 / D˛and tr.Z 0 / D . By Table 2 , N X 0 ; N Y 0 2 C and so N Z 0 2 C 2 . Hence by Lemma 20, z 2 C 2 as needed. Moreover, since tr.X/ D tr.X 1 /, we have, according to Table 2, x 1 2 C as well, and so xx 1 D 1 2 C 2 .
Note that the previous proposition is a specific case of a more general result of Gow [7] .
Proposition 23. Let G D PSL 2 .q/ when q is even and let C be the G-conjugacy class of a unipotent element x. Then C 2 D G.
Proof. Let z 2 G be any semisimple element and denote D tr.z/. By Theorem 6, there exist matrices x 0 ; y 0 ; z 0 2 G such that tr.x 0 / D tr.y 0 / D 0, tr.z 0 / D . Thus x 0 ; y 0 2 C and so z 0 2 C 2 . Hence by Lemma 20, z 2 C 2 as needed.
Moreover, since x has order 2, we have x 2 D 1 2 C 2 . Without loss of generality we may assume that
Since tr.x/ D tr.y/ D tr.xy/ D 0, the matrices x; y; xy are unipotents. Hence by Lemma 20, C 2 contains all the unipotent elements.
Unipotent elements contained in C 2
Proposition 24. Let G D PSL 2 .q/ and let C be the G-conjugacy class of a semisimple split element x. Then C 2 contains all the unipotent elements in G.
Proof. By Table 2 , we may assume x is an image of a matrix
Then its image in G D PSL 2 .q/ is G-conjugate to x, and
Hence the class C 2 contains a unipotent element, and the result now follows from Lemma 20.
Proposition 25. Let G D PSL 2 .q/ when q is odd and let C be the G-conjugacy class of a semisimple non-split element x of order greater than 2. Then C 2 contains all the unipotent elements in G.
Proof. By Table 2 , we may assume that x is an image of a matrix
Proposition 26. Let G D PSL 2 .q/ when q is odd and let C be the G-conjugacy class of a semisimple non-split element x of order 2. Then C 2 does not contain any unipotent element of G.
Proof. Assume that C 2 contains a unipotent element z 2 G. Then z D xy for some non-split elements x; y of order 2. Let X; Y; Z 2 SL 2 .q/ be the pre-images of x; y; z respectively. Then tr.X/ D tr.Y / D 0 and tr.Z/ D˙2. Observe that .0; 0;˙2/ is a singular triple. Therefore, by Theorem 7, the subgroup H D hx; yi is a structural subgroup of G. By observing the possible subgroups of G detailed in Table 3 above, H cannot be a subgroup of the Borel subgroup since it contains a non-split element, and hence cannot contain the unipotent element z, yielding a contradiction.
Corollary 27. Let G D PSL 2 .q/ when q is odd and let C be the G-conjugacy class of a semisimple element x of order 2. Then:
If q Á 1 mod 4, then C 2 contains all the unipotent elements in G.
If q Á 3 mod 4, then C 2 does not contain any unipotent element of G.
Proof. If q Á 1 mod 4, then an element of order 2 is split and the result follows from Proposition 24. If q Á 3 mod 4, then an element of order 2 is non-split and the result follows from Proposition 26.
Proposition 28. Let G D PSL 2 .q/ when q is even and let C be the G-conjugacy class of a semisimple non-split element x. Then C 2 does not contain any unipotent element of G.
Proof. Assume that C 2 contains a unipotent element z 2 G. Then z D xy for some non-split matrices x; y. It follows that tr.x/ D tr.y/ D˛¤ 0 and tr.z/ D 0. Observe that .˛;˛; 0/ is a singular triple. Therefore, by Theorem 7, the subgroup H D hx; yi is a structural subgroup of G. By observing the possible subgroups of G detailed in Table 3 , H cannot be a subgroup of the Borel subgroup since it contains a non-split element, and hence cannot contain the unipotent element z, yielding a contradiction. (1) If tr.A/ D tr.B/, then A is G 0 -conjugate to B if and only if 2 is a square in F q .
and so 2 C is a non-square in F q . Therefore, in order to decide whether C D AB, where A; B 2 G are G-conjugate unipotent elements and C is of order t ¤ p, one needs to determine whether for 2 T q .t/, 2 or 2 C is a square in F q . In Proposition 9 we showed that this is equivalent to decide whether t is a q-good order or not (see Definition 2).
Corollary 30. Let G D PSL 2 .q/ when q D p e is odd. Let A; B 2 G be elements of order p and assume that the order of C D AB is t ¤ p. Then A is G-conjugate to B if and only if t is a q-good order. A and N B are G-conjugate if and only if either 2 or 2 C is a square in F q . By Proposition 9, the latter is equivalent to t being a q-good order.
Corollary 31. Let G D PSL 2 .q/ when q is odd and let C be the G-conjugacy class of a unipotent element x. Let z be a semisimple element in G. Then C 2 contains z if and only if the order of z is q-good.
Proof. The proof follows from Corollary 30 and Lemma 20.
Proposition 32. Assume that q D p e where p is odd and 5 Ä q ¤ 9. Furthermore, let G D PSL 2 .q/. Then there exist two G-conjugate unipotent elements A and B such that hA; Bi D G.
Moreover, if C D AB is semisimple, then the order of C is q-minimal and q-good.
Proof. Let .A; B; C D AB/ 2 G 3 be a triple of respective orders .p; p; t/ with t ¤ p. If t is not q-good, then by Corollary 30, A and B are not G-conjugate. If t is not q-minimal, then the subgroup hA; Bi is contained in a subfield subgroup isomorphic to PSL 2 .q 1 / for some proper subfield F q 1 F q (see [11] and [9] ). Now, let t be a q-minimal order which is also a q-good order. By Theorem 6, there exist a triple .A; B; C / 2 G 3 of respective orders .p; p; t/ with ABC D 1. By Corollary 30, A is G-conjugate to B.
Let 2 T q .t/. As t ¤ p, we have ¤˙2 and so . ˙2/ 2 ¤ 0 implying that .2; 2; / is non-singular, hence by Theorem 7, hA; Bi is not a structural subgroup of G. Since t is q-minimal, it follows that hA; Bi is not isomorphic neither to PSL 2 .q 1 / nor to PGL 2 .q 1 /, for some proper subfield F q 1 of F q . Moreover, if 5 < q ¤ 9, then either p > 5; or p D 5 and e > 1 implying that t ¤ 2; 3; 5; or p D 3 and e > 2 implying that t > 5 (see Table 1 ). Therefore, hA; Bi cannot be a small subgroup, hence hA; Bi D G.
Remark 33. Let G D PSL 2 .9/ Š A 6 , let A and B be two unipotent elements (of order 3) and C D .AB/ 1 . Denote the order of C by t . Then t 2 ¹2; 3; 4; 5º.
Clearly, if t D 2 or t D 3, then hA; Bi ¤ G (see Table 1 ). t D 4 is not 9-good and so A and B are not G-conjugate, by Corollary 30. t D 5 is 9-good, however if A is G-conjugate to B, then one can verify that hA; Bi Š A 5 is a small subgroup of G (see e.g. [6, Section 2, Theorem 8.4]).
